Let X be a (possibly nodal) K-trivial threefold moving in a fixed ambient space P . Suppose X contains a continuous family of curves, all of whose members satisfy certain unobstructedness conditions in P . A formula is given for computing the corresponding virtual number of curves, that is, the number of curves on a generic deformation of X "contributed by" the continuous family on X.
Introduction
0.1 Suppose X 0 is a projective threefold with at worst ordinary node singularities which is embedded in a smooth projective manifold P , and that ′ . Then the expected dimension of the set of curves {Z} ∈ I ′ which deform to a generic deformation of X 0 is zero. The purpose of this paper is to compute the (virtual) number γ(I ′ ) of such curves under certain additional assumptions.
We work in the setting in which X 0 is the zero-scheme of a regular section of a vector bundle on P such that, via pull-back and push-forward, I
′ is given as the zero-scheme of the associated section σ 0 of the associated bundle V on J ′ . Then γ(I ′ ) := deg(c top (V )), which can be computed as the geometric intersection number of σ 0 (J ′ ) with the zero-section z V (J ′ ) of V . Using Fulton-MacPherson intersection theory [6] , one rescales σ 0 (J ′ ) by multiplication by larger and larger constants to create a "homotopy" between σ 0 (J ′ ) and the normal cone C I ′ \J ′ ⊂ V | I ′ of I ′ in J ′ , so that
can be calculated as an intersection product in V | U .
Under the above assumptions, we reinterpret the sheaf of obstructions to deformation as the sheaf of Kähler differentials on I ′ with logarithmic poles along the locus of curves passing through the nodes of X 0 , thereby allowing the computation of γ(I ′ ) in terms of the geometry of I ′ .
The results of the present paper do not guarantee that I ′ contributes γ(I ′ ) rigid curves to a general deformation X t of X 0 ; a priori, the count γ(I ′ ) is purely virtual. In some cases, however, the precise structure of the obstruction sheaf does enable rigidity results; see [10] and the remarks following example 4.3 of the present work.
Furthermore, our computations are local in that we work with a single connected component of the Hilbert scheme of X 0 . The global (virtual) number of curves of given degree and genus is computed-at least in case g = 0, 1-via Gromov-Witten invariants in the fundamental papers of Kontsevich [13] , Givental [8, 7] and Lian, Liu, Yau [15] . Also, a symplectic treatment of GromovWitten invariants for nodal X 0 appears in [14] .
The paper is organized as follows: In §1 we establish some general properties of Hilbert schemes, allowing X 0 to have arbitrary isolated singularities and Z and X 0 to be of arbitrary positive dimension. Let d = dim Z; then by Serre duality, H d (N ∨ Z\X0 ⊗ ω Z ) is isomorphic to H 0 (N Z\X0 ) ∨ which is the cotangent space to I ′ at {Z}. The key result-Lemma 1.8-establishes a relative form of this fact: Ω 1 I ′ is the dth higher direct image of the relative conormal tensor the relative dualizing sheaf. The assumptions and notation established in §1 will be used throughout the work.
Then in §2, we explore the case in which X 0 is a smooth threefold, Z ⊂ X 0 a curve, and ω X0 ⊗ O Z ∼ = O X . These assumptions give an adjunction isomorphism between H 1 (N Z\X0 ) and
, which in light of the results of §1, gives an isomorphism between Ω 1 I ′ and the first higher direct image of the relative normal bundle; this is Proposition 2.4. Given the role of H 1 (N Z\X0 ) in the obstruction theory of the Hilbert scheme, the resulting formula for γ(I ′ ) in Corollary 2.9 should not be too surprising. The main technical difficulty arises from the failure of I ′ to be smooth in general. In §3, we extend the computation of §2 to the case in which X 0 has ordinary nodes, which-at least for enumerative purposes-introduces logarithmic poles along the locus of curves passing through the nodes of X 0 . We will assume that the generic curve parameterized by I ′ does not pass through the nodes of X 0 which enables us to use the technical results of the previous section.
Finally, in §4, we illustrate our formulas with three examples.
Conventions and Notation
All schemes are separated and of finite type over the field C of complex numbers. If Z is a closed subscheme of X, we denote by I Z\X the ideal sheaf, by C Z\X := Spec( I n Z\X I n+1 Z\X ) → Z the normal cone of Z in X, and by
∨ is the tangent sheaf of X. When appropriate, the notations ω X or ω X/X ′ refer to dualizing or relative dualizing sheaves, not canonical sheaves.
We generally pass between the notions of locally-free sheaf and vector bundle without comment, but we use roman type E → X to denote the geometric vector bundle associated to a locally-free O X -module E. In this case, z E : X → E is the zero-section of E.
For flat families of schemes we use the notation F → F ′ ; that is, a prime ( ′ ) indicates the base of a flat family.
Finally if Z ֒→ X is a closed embedding, we denote by {Z} the corresponding point in the Hilbert scheme of X.
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Generalities
1.1 Let P be a projective manifold, let d ≥ 1, and let J ′ be a connected open subscheme of the Hilbert scheme of P , maximal with respect to the properties that:
So J ′ is a smooth, irreducible quasi-projective variety.
1.2 Suppose further that we are given a locally free sheaf E on P and a regular section
such that the zero scheme
Then because of (1.2.2) (see [11, Thm. 1.5] ), V is locally free and there is a scheme-theoretic equality
Notice that that by shrinking J ′ , we may assume I ′ is connected.
1.4
For the remainder of this section, consider an arbitrary cartesian square
where we allow B ′ to be an object in the analytic category. Setting
(1.4.1) pulls back to a cartesian square
be the second projection, and set
In these situations, we often will need the ideal sheaves
In the cases B ′ = J ′ (and A ′ = I ′ ), we simplify to J := I J\J ′ ×P and I := I I\I ′ ×X0 .
Lemma
There is an isomorphism of exact sequences of O A -modules:
1.6 Proof: Let Z be a fiber of A → A ′ , which we identify with its image Z ⊂ X 0 . In light of (1.2.3), either left-hand arrow restricts on Z to the standard morphism of conormal sheaves.
We assumed that Z is a local complete intersection in the smooth variety P , so away from the singularities of X 0 , this is injective. So, since dim Z ≥ 1 and X 0 has isolated singularities, it is generically injective. Suppose the kernel is supported at some z ∈ Z.
Since I X0\P I 2 X0\P ⊗ O Z is locally free, we may restrict to an affine neighborhood Spec R of z over which the kernel corresponds to a non-zero submodule M ⊂ R ⊕k of a free module and assume that M is annihilated by the maximal ideal m of z. Then any projection of M to the various summands is annihilated by m, and one of these must be non-zero, so is some non-zero ideal π(M ) ⊂ R with proper support z. Therefore m is an (embedded) associated prime of R.
But Z, being a local complete intersection, is Cohen-Macaulay, and hence has no embedded components. (See, e.g., [16, Thm. 17.3] .) We conclude that the the morphism is everywhere injective.
Next observe that the natural map
pulls back to a surjection
which remain exact after tensoring with O Z . Thus, both sequences restrict to exact sequences on each fiber of p A , so by Nakayama's lemma, they are exact. Finally, the natural surjection b * J → J B induces a surjection of the middle terms. Since both are locally free of the same rank, it must be an isomorphism. It follows that the natural map between the right-hand terms must also be an isomorphism. ♣ 1.7 Let ω := ω A/A ′ be the relative dualizing sheaf. The first two non-trivial sheaves in Lemma 1.5 are locally free O A -modules. Therefore, by Verdier duality,
where we have used the infinitesimal properties of the Hilbert scheme to make the identification p * J J ∨ ∼ = T J ′ . We combine these calculations:
Lemma There is a commutative diagram
with exact rows and all vertical maps isomorphisms.
Proof:
Exactness of the top row results from Lemma 1.5 after applying R d p A * (which preserves right exactness because the fiber-dimension of p A is d).
Next note that since I
′ is the zero-scheme of σ 0 , there is a surjection
and hence, using the standard exact sequence of differentials, a commutative diagram with exact rows and columns:
Now the exactness of the bottom row of the Lemma follows by pull-back to A ′ . Next the left two vertical isomorphism are (1.7.1) and (1.7.2), and commutativity of the left-hand square follows via duality, Nakayama's lemma, and pull-back to A ′ from [11, Prop. 1.6]. Finally, a diagram chase establishes the existence of the third vertical isomorphism and the commutativity of the righthand square. ♣
1.10
For the derived functors associated to the functor
we have by (1.1.2) that
So from Lemma 1.5 we obtain the exact sequence
We will see that, when d = 1, the sheaf R 1 T I (I/I 2 ) measures the obstruction to moving the curves {Z} ∈ I ′ when the regular section s 0 of E is deformed to a generic section s t .
Let
be the geometric vector bundle associated to V. Define the normal cone to I ′ in J ′ to be
There is a canonical surjection
so from the left-hand square of (1.9.1), we obtain a commutative diagram of
whence a commutative diagram of morphisms of cones over A ′ :
(See [6, Ch. 4] and [2, §1] .) Note that the left-hand vertical arrows in (1.11.1) are surjective, so that the right-hand vertical arrows in (1.11.2) are closed embeddings.
1.12 Now (1.3.1) is precisely the statement that the square
is Cartesian. Then we define the class
to be the localized top Chern class of [6, §14.1], where it is shown that
i.e., that this class represents the top Chern class of V . In the language of [2] , this class is the virtual fundamental class
where 
Smooth threefolds
2.1 It is at this point that we make our final assumptions, namely assume:
and that for all {Z} ∈ I ′ ,
Finally, we assume that X 0 is smooth, (2.1.4) although this will be weakened in §3.
From (2.1.3) we immediately have
for some line bundle K on I ′ , and we set
Using (2.1.1-2.1.4), (1.1.2) and Riemann-Roch, we compute:
Consequently,
2.3 Now (2.1.1), (2.1.2), and (2.1.4) imply that (I I 2 ) is locally free of rank two, so the relative adjunction isomorphism
Thus, by the projection formula and Lemma 1.8,
Proposition There is an isomorphism
2.5 A further consequence of the local freeness of I A /I 2 A is that we have an isomorphism of derived functors
which, when combined with (1.10.2) and Proposition 2.4, yields the exact sequence
2.6 Let C be the set of components of C I ′ \J ′ . For C ∈ C, let m(C) be the geometric multiplicity of C in
the function field of S ′ , and C p := C × I ′ p the fiber of C over p. Following our conventions, p S : S → S ′ is the pullback to S ′ of p 0 : I → I ′ . Now the surjective sheaf morphisms
give rise a surjective composition
of maps of k-vector spaces, which we can view as a morphism
of varieties over k .
Lemma Assume that p
S is generically smooth. Then given κ ∈ H 0 (ω X0 ), the composition
Proof:
The second assertion follows from the first since (2.6.1) is surjective and
To prove the the first assertion, let π ′ : J ′ → J ′ be the blow-up of J ′ along I ′ . Then the epimorphism
with (scheme-theoretic) image the exceptional divisor. Now let U ⊂ S ′ be a small analytic neighborhood of a general point in S ′ and let R be any line bundle over U which is a sub-cone of C| U ; in other words, R is a ray in C| U . Now such an R determines (and is determined by) a section
Shrinking U as necessary, we can construct an embedding
and consider the scheme
Observe that under the canonical identification U ∼ = {0} × U = W ′ red. , we have isomorphisms -we see that the exact sequence
.
Let R be the sheaf of sections of R. Then starting with (2.8.1), we have a sequence of morphisms 
Then the image of Γ(R) in Γ R
is zero. (It is here that the assumption on the generic smoothness of p S becomes necessary.) But by construction, the map R → V | U factors through C, and since U ⊂ S ′ is general and R is an arbitrary ray in C, the Lemma follows. ♣
Corollary Suppose that for all C ∈ C, the support S ′ (C) is smooth and that the generic curve I p(C) is smooth. Suppose further that, for each
2.10 Proof: By the excess intersection formula and the linearity of the intersection product,
Now since each S ′ is smooth, Lemma 2.7 and the surjectivity of (2.6.1) imply, by dimension, that there is an exact sequence of vector bundles over
The desired formula follows immediately. ♣
Threefolds with nodes
3.1 In this section, we make the same assumptions as in in 1.1, 1.2 and 2.1, except that we weaken (2.1.4) and assume instead that the singularities of X 0 are a set Ξ of ordinary double points. Moreover, we require that
for every curve Z = q 0 (I y ′ ) with y ′ ∈ I ′ , where
is the space of obstructions generated by (obstructed) curvilinear deformations of Z in X 0 . (See [12, p. 29ff.].) Note that away from points y ′ ∈ I ′ which represent curves passing through nodes of X 0 , the techniques of §2 apply. In particular, away from such points, the reduction to the use of the curvilinear obstruction space in the following proceeds just as in the proof of Lemma 2.7. 
is smooth divisor in S ′ for all i.
2. I ′ is smooth connected, so that C = {C} with S ′ (C) = I ′ .
Theorem Under assumptions (3.2.1)-(3.2.5)
where each Q S ′ is a locally free sheaf which is an extension By Lemma 1.5, there is an exact sequence
whence the exact sequence
Now since X 0 is the zero-scheme of s 0 , there is some trivialization of E near x i S with respect to which the local expression for s 0 is 
the images of the ((dim P ) − 4) homomorphisms
generate a codimension one subspace of the vector space E| x i S . We denote the one-dimensional quotient as C i . Now the mapping
is surjective away from q −1 S (Ξ), and since the generators a 1 and a 2 must give sections of E ⊗ O Z which vanish at x i S , we conclude from (3.4.2) that there is a natural isomorphism
Recall that we have a functor
Applying RT S to the sequence (3.4.1). we obtain an exact sequence
Because the fiber dimension of p S is one, the Grothendieck spectral sequence for T S degenerates at E 2 . We therefore obtain an exact sequence:
Thus, we have the commutative diagram of O S ′ -modules
with exact rows and columns (where W S ′ := ker(ε)). Let y ′ ∈ S ′ ; we have a map
induced from ε in (3.4.6). Referring to (1.11.2), the condition (3.1.2) says that, under the geometric inclusion C ⊂ V | S ′ we have:
(It is here that we use the fact that the rays of the normal cone correspond to curvilinear obstructions just as in the proof of Lemma 2.7.)
We next claim that there is a natural surjection
To see this, let
be the natural inclusion. Then referring to 2.3, we have morphisms
all of which restrict to isomorphisms over U . Moreover, the fiber dimension of p S is one, so we have surjections
which are isomorphisms modulo torsion supported on D S ′ . But by Lemma 1.8, there is a surjection
and thus, since Ω 1 S ′ is locally free, we can deduce the existence of the surjection (3.4.8), and therefore, from (3.4.6), as surjection
Referring to (3.4.6), let
with exact columns and horizontal epimorphisms. 
Then away from D S ′ , the cone component C must be, as in the smooth case, exactly the geometric kernel of the epimorphism of vector bundles
By (3.4.7) therefore, C must be a geometric sub-bundle of V | S ′ , so that Q S ′ is locally free. Then, proceeding just as in the proof of Corollary 2.9, we have that
In case 2 of (3.2.5), i.e., if S ′ = I ′ is smooth, R 1 p S * Hom S I S I 2 S , O S is locally free by semicontinuity and the local theory of the Hilbert scheme. Consequently, since the surjection of (3.4.8) is generically injective (Proposition 2.4), it is an isomorphism. Thus,
Now C is just the geometric normal bundle of S ′ = I ′ in J ′ and keeping in mind the infinitesimal properties of the Hilbert scheme, (1.10.2) (with 
3.6 Proof: We refer to the proof of Theorem 3.3 in the case S ′ = I ′ (in which case I S = I and p S = p 0 ). We have seen that the kernel of the surjection
given in (3.4.8) is supported along D. On the other hand, by (3.4.5) , the domain of (3.6.1) is a subsheaf of the locally free sheaf Q I ′ and hence, so is its kernel. Since I ′ is smooth, it follows that (3.6.1) must in fact be an isomorphism. So, by (3.4.11),
and is therefore locally free. Now apply the functor RHom I ′ ( , O I ′ ) to the exact sequence (3.4.5) to obtain the exact sequence
since, by the standard divisorial exact sequence,
Thus it suffices to show that, at a general point y ′ of any fixed D i , the sections of ker τ lie in
We refer to the (3.4.9) and (3. 
We may assume that upon restricting to the smooth analytic fourfold F given by
X 0 has local equation
the curve I 0 is locally given by
and the incidence scheme I is given locally in I ′ × F by
with k = 0 and f 0 , g 0 vanishing at (0, 0). Also, ω X0 has local generator
whereas ω I/I ′ has local generator dc 2 . Thus, keeping (2.1.3) in mind, (3.6.3) specializes at the curve I 0 to the map
given by
But, by (3.6.4), the image of (3.6.6) consist entirely of homomorphisms which vanish at the point x i . Thus, near y ′ = 0, the mapping
be the Hilbert scheme of g 1 3 's on C so that
becomes the tautological P 1 -fibration over I ′ . Under the Abel-Jacobi map
the fibers of I/I ′ are contracted to double points of the theta divisor Θ, which is itself the image of X 0 . These are canonical singularities, so ω X0 is the pullback of O(Θ). Thus
so that Corollary 2.9 yields the well-known fact that the number of g 1 3 's on a generic curve of genus four is
Example:
Our second application is again not new, being the subject of [1] . Let X 0 be the Fermat quintic hypersurface in P = P 4 . Let I ′ be the Hilbert scheme of lines in X 0 . Following [1] , I ′ red. is the union of 50 Fermat quintic plane curves meeting transversely in pairs at 375 points, these points being exactly the flex point of the Fermat plane curves. Using Plücker coordinates in the Grassmannian of P 4 , one computes that the local analytic structure of I ′ away from the crossings is given by
while at each of the 375 crossings it is given by
The components of the normal cone are computed from this local analytic structure using the local primary decomposition (x 3 y 2 , x 2 y 3 ) = (y 2 ) ∩ (x 2 ) ∩ (x, y) 5 .
One computes that the normal cone has one component of multiplicity 2 over each Fermat quintic curve F and one component of multiplicity 5 over each crossing point. Hence, by Corollary 2.9, the number of lines on the general quintic threefold is γ(I ′ ) = 50 · 2 · c 1 (ω F ) + 375 · 5 · c 0 (ω pt. ) = 2875.
Example
The setting for the final application was first considered [3] , and later in [11] , [5] and [10] . To the authors' best knowledge, however, the calculations below are new. Consider either of the following cases: Choose g 1 , α 2 ∈ Γ(P 4 , O(4)) and g 2 , α 1 ∈ Γ(P 4 , O (1) Note that one can perform analogous constructions and computation on the other types of complete-intersection Calabi-Yau threefolds. Moreover, in any of these cases, the contributions of curves lying on the K3 surface Y can be calculated; see [11] (curves of genus 1) and [10] (where the results of the present paper are applied to curves of higher genus). In fact, it is shown there that if Y has Picard number 2, then the curves coming from the primitive linear system on Y not generated by the hyperplane sections contribute only geometrically rigid curves to a general deformation of X 0 .
